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To prove the existence of Nash equilibrium by traditional ways, a common condition that the preference of playersmust be complete
has to be considered. This paper presents a new method to improve it. Based on the incomplete preference corresponding to
equivalence class set being a partial order set, we translate the incomplete preference problems into the partial order problems.
Using the famous Zorn lemma, we get the existence theorems of fixed point for noncontinuous operators in incomplete preference
sets. These new fixed point theorems provide a new way to break through the limitation. Finally, the existence of generalized Nash
equilibrium is strictly proved in the 𝑛−person noncooperative games under incomplete preference.

1. Introduction and Preliminaries

As a kind of strategy combinations, Nash equilibrium is
closely bound up with many important mathematical prob-
lems, and many problems in economy and engineering tech-
nology can also be described as a Nash equilibrium problem.
Recently, the existence of the Nash equilibrium of noncoop-
erative games has been studied [1–4]. In [1], the existence
of uncertainty for generalized Nash equilibrium is proved
by introducing the uncertainty to study generalized games.
Using maximization theorem, the author presented the exis-
tence of Nash equilibrium in generalized games, and in these
results, the strategy set is noncompact and has infinite players
[2]. In [3] the existence theorem of generalized Nash equi-
librium in games is given where strategy space has abstract
convex structure. Assuming strategy set is a 𝐻 space, the
equilibrium existence theorems have been given in [4]. In the
above studies, either the partial order relation on policy sets
is required to satisfy, or every total order subset in policy sets
must have an upper bound or certain convexity condition.

For a long time, the preference of rational decision-
makers on management and economics should satisfy
the completeness. But in practice, they show the indeci-
sion on many major issues. Since the preference without

completeness is a kind of more general order structure, it
can make preference relation and the partial order relation
unified completely. The research of preference without com-
pleteness is started from the von Neumann and Morgenstern
in [5]. Aumman and Bewley have made the classic study in
[6, 7]; Schmeidler has studied the existence of economic equi-
libriumwith infinite number of institutions under incomplete
preference in [8].

In noncooperative games, the policy set composed of
player’s selection strategies is a set which cannot meet
the needs of completeness. If preference does not meet
the completeness, Pareto optimality is meaningless and the
traditional method of partial order will lose effectiveness
without the antisymmetry axiom inevitably. Therefore, it is
consistent with the realistic decision-making environment
to study the existence of generalized Nash equilibrium of
noncooperative game, but the study of this part has seldom
been seen in the past literature research.

In this article, based on the equivalence class set which
corresponds to the elements of incomplete preference set
being a partial order set, the problem under incomplete
preference is translated into the problem with partial order.
This method overcomes the difficulties which are brought
about by the elements in the set without the completeness.
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Using the famous Zorn lemma, we get the existence theorems
of fixed point for noncontinuous operators in incomplete
preference sets. The fixed point theorems provide a new way
for breaking through the limitations. The existence of gen-
eralized Nash equilibrium is strictly proven in the 𝑛−person
noncooperative games under incomplete preference.

Here some concepts and theorems are given, which are
related to incomplete preference.

Let𝐸 be a nonempty set. An ordering relation ⪯ on 𝐸may
satisfy the following axiom:
Reflexive: 𝑥 ⪯ 𝑥, for any 𝑥 ∈ 𝐸;
Symmetry: If 𝑥 ⪯ 𝑦 and 𝑦 ⪯ 𝑥, then 𝑥 = 𝑦, for any 𝑥, 𝑦 ∈ 𝐸;
Transitive: If 𝑥 ⪯ 𝑦 and 𝑦 ⪯ 𝑧, then 𝑥 ⪯ 𝑧,for any 𝑥, 𝑦, 𝑧 ∈ 𝐸;
Complete: If 𝑥 ⪯ 𝑦, 𝑦 ⪯ 𝑥, for any 𝑥, 𝑦 ∈ 𝐸, there is at least
one inequality to be established.

Definition 1 (see [9]). Let 𝐸 be a nonempty set. An order
relation ≤ defined among certain elements of 𝐸 is said
to be partial order if the order relation satisfies reflexive,
transitivity, and antisymmetry axioms. Then (𝐸 ≤) is called
a poset.

Definition 2 (see [10]). Let 𝐸 be a nonempty set. An order
relation defined among certain elements of 𝐸 is said to be
incomplete preference order if the order relation satisfies
reflexive and transitivity axioms, which is denoted by ⪯. If
completeness axiom is still satisfied for incomplete preference
order, the order relation is said to be preference order, which
is still denoted by ⪯. Then (𝐸 ⪯) is called an incomplete
preference set.

Definition 3 (see [11]). Let 𝐸 be an incomplete preference set.
For any 𝑥, 𝑦 ∈ 𝐸, we say that 𝑥, 𝑦 are indifference, which is
denoted by 𝑥 ∼ 𝑦, whenever both 𝑥 ⪯ 𝑦 and 𝑦 ⪯ 𝑥 hold.

Remark 4. 𝑥 ∼ 𝑦 󴁁󴁙󴀡 𝑥 = 𝑦, but 𝑥 = 𝑦 󳨐⇒ 𝑥 ∼ 𝑦.

Remark 5. The indifference relation ∼ the equivalence rela-
tion.

Definition 6 (see [11]). Let 𝐸 be an incomplete preference
set. If for any complete preference subset of 𝐸, there is
denumerable set {𝑥

𝑛
} ⊂ 𝑀 such that if 𝑥 ∈ 𝑀, 𝑥 ̸= sup𝑀,

there is 𝑥
𝑛0
∈ {𝑥
𝑛
} which satisfies 𝑥 ⪯ 𝑥

𝑛0
, then 𝐸 is said to be

pseudo separable in incomplete preference.
Let 𝐸 be an incomplete preference set, and Ω is a subset

in 𝐸. The order relation ≤ in quotient set Ω/ ∼ is elicited by
the incomplete preference relation ⪯ in 𝐸. Let [𝑥] = {𝑦 ∈ Ω |
𝑥 ∼ 𝑦}, and [𝑥] is an equivalence class set inΩ.

Definition 7 (see [11]). For any [𝑥], [𝑦] ∈ Ω/ ∼, if there are
𝑢 ∈ [𝑥], V ∈ [𝑦] such that 𝑢 ⪯ V, we write [𝑥] ⪯ [𝑦].

Lemma8 (see [11]). Let 𝐸 be an incomplete preference set, and
Ω is a subset in 𝐸. �e order relation ≤ in quotient set Ω/ ∼
which is elicited by the incomplete preference relation ⪯ in 𝐸 is
a partial order. �en the quotient set Ω/ ∼ is a poset.

Lemma 9 (see [11]). If Ω is incomplete preference pseudo
separable, thenΩ/ ∼ is incomplete preference pseudo separable.

Lemma 10 (see [12] (Zorn Lemma)). Let 𝐸 be a nonempty
partial ordered set. If every total ordered subset in 𝐸 has an
upper bound in 𝐸, then there is a maximal element in 𝐸.

2. Existence Theorems for Fixed Point on
Incomplete Preference Sets

Partial order method is discussed and applied greatly in
mathematics, and the conclusion on the partial order is
becoming a very complete system [13–23]. But few scholars
study the fixed point and extreme value theorems on incom-
plete preference set.

Definition 11. Let (𝐸, ⪯𝐸), (𝑈, ⪯𝑈) be incomplete preference
sets, and let 𝑇 : 𝐸 󳨀→ 2𝑈 be an order-increasing set-valued
mapping. 𝑇 is said to be order-increasing upward, if 𝑥⪯𝐸𝑦
in 𝐸, for any 𝑢 ∈ 𝑇(𝑥); there is V ∈ 𝑇(𝑦) such that 𝑢 ⪯𝑈V;
𝑇 is said to be order-increasing downward, if 𝑥 ⪯𝐸𝑦 in 𝐸, for
anyV ∈ 𝑇(𝑦); there is 𝑢 ∈ 𝑇(𝑥) such that 𝑢⪯𝑈V. If 𝑇 is both
order-increasing upward and order-increasing downward, 𝑇
is said to be order-increasing.

Definition 12. Let (𝐸, ⪯) be incomplete preference set, and let
𝑇 : 𝐸 󳨀→ 2𝐸\Φ be an order-increasing set-valued mapping.
An element 𝑥 ∈ 𝐸 is called a generalized fixed point of 𝑇, if
there are 𝑥∗ ∈ 𝐸, 𝑢 ∈ 𝑇𝑥∗ such that 𝑥∗ ∼ 𝑢.

Let (𝐸, ⪯) be incomplete preference set, and let 𝑇 : 𝐸 󳨀→
2𝑢 be an order-increasing set-valued mapping. The following
notation will be used in Theorem 13:

𝑆𝑇 (𝑥) = {𝑥 ∈ 𝐸 | 𝑥 ⪯ 𝑢, 𝑦 ∈ 𝑇 (𝑥)} . (1)

Theorem 13. Let (𝐸, ⪯) be an incomplete preference pseudo
separable set, and let 𝑇 : 𝐸 󳨀→ 2𝐸 be an order-increasing set-
valued mapping. If 𝑇 satisfies the following conditions:
(𝐴
1
) Every increasing sequence in 𝑆𝑇(𝑥) has an upper

bound in 𝑆𝑇(𝑥)
(𝐴
2
)�ere is a 𝑥

0
∈ 𝐸 with 𝑥

0
⪯ 𝑢, for some 𝑢 ∈ 𝑇𝑥

0

then 𝑇 has a generalized fixed point; that is, there are 𝑥∗ ∈
𝐸, 𝑢 ∈ 𝑇𝑥∗ such that 𝑥∗ ∼ 𝑢.

Proof. Let Ω = {𝑥 ∈ 𝐸 | 𝑥 ⪯ 𝑢, 𝑦 ∈ 𝑇(𝑥)}. From the
condition (𝐴

2
), it implies that Ω is a nonempty set in 𝐸. Take

an arbitrary total ordered subset 𝑀 ⊂ Ω. Since 𝑀 is also
an arbitrary total ordered subset of incomplete preference
pseudo separable set (𝐸, ⪯), there is denumerable set {𝑥

𝑛
} ⊂

𝑀 such that if 𝑥 ∈ 𝑀,𝑥 ̸= sup𝑀, there is 𝑥
𝑛0
∈ {𝑥
𝑛
} which

satisfy 𝑥 ⪯ 𝑥
𝑛0
.

Let

𝑧
1
= 𝑥
1
,

𝑧𝑛 = max {𝑥𝑛, 𝑧𝑛−1} , 𝑛 = 2, 3 ⋅ ⋅ ⋅ .

𝑧
𝑛
⊂ 𝑀 ⊂ Ω(𝑥) .

(2)

Since 𝑀 is an arbitrary total ordered subset, {𝑧
𝑛
} is well

defined. So

𝑧
1
⪯ 𝑧
2
⪯ ⋅ ⋅ ⋅ 𝑧

𝑛
⪯ ⋅ ⋅ ⋅ . (3)
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For any 𝑥 ∈ 𝑀,𝑥 ̸= sup𝑀, by the condition (𝐴
1
), there

is a point 𝑧∗ ∈ Ω such that 𝑧
𝑛
⪯ 𝑧∗, and since (𝐸, ⪯)

is an incomplete preference pseudo separable set, there is a
𝑥
𝑛0
∈ {𝑥
𝑛
} such that 𝑥 ⪯ 𝑥

𝑛0
. By the definition of {𝑧

𝑛
}, we get

𝑥 ⪯ 𝑥𝑛0 ⪯ 𝑧𝑛 ⪯ 𝑧
∗. (4)

That is, 𝑧∗ ∈ Ω is an upper bound of total ordered subset𝑀.
Let [𝑥] = {𝑦 ∈ Ω | 𝑥 ∼ 𝑦}; then [𝑥] is equivalence

class set in Ω. Assuming that Ω/ ∼= {[𝑥], 𝑥 ∈ Ω} is a
quotient set corresponding to the equivalence relation∼, then
applying Lemmas 8 and 9, we get that the order relation ≤
in quotient set Ω/ ∼ which is elicited by the incomplete
preference relation ⪯ in Ω is a partial order.

Take an arbitrary total ordered subset𝑁 ⊂ Ω/ ∼, next, to
show that the set𝑁 has an upper bound inΩ/ ∼.

Let

𝑊 = ⋃[𝑥] ⊂ Ω. (5)

It is easy to know that𝑊 is total ordered subset in Ω. In fact,
for any 𝑥, 𝑦 ∈ 𝑊, there are [𝑥], [𝑦] ∈ 𝑁. Since 𝑁 is total
ordered subset in Ω/ ∼, we can get that either [𝑥] ≤ [𝑦] or
[𝑦] ≤ [𝑥] is valid. According to the relation between partial
order and incomplete preference, we have that either 𝑥 ⪯ 𝑦
or 𝑦 ⪯ 𝑥 is valid. So𝑊 is total ordered subset in Ω.

For any [𝑧] ∈ 𝑁, by the definition of𝑊, we get 𝑧 ∈ 𝑊.
Since every total ordered subset in Ω has an upper bound,
there is 𝑥

0
∈ 𝑊 such that 𝑧 ⪯ 𝑥

0
. So [𝑧] ≤ [𝑥

0
]; that

is, every total ordered subset in Ω/ ∼ has an upper bound.
Then applying Zorn lemma, we have that there is a maximal
element [𝑥∗] inΩ/ ∼. By the definition ofΩ/ ∼, we have that
𝑥∗ is the maximal element inΩ.

Since 𝑥∗ is the maximal element in Ω, there is 𝑢 ∈ 𝑇(𝑥∗)
such that 𝑥∗ ⪯ 𝑢. Supposing that 𝑢 �⪯𝑥

∗, the monotonicity of
𝑇 together with 𝑢 ∈ 𝑇(𝑥∗), 𝑥∗ ⪯ 𝑢 implies that there is V ∈
𝑇(𝑢) such that 𝑢 ⪯ V. It means 𝑢 ∈ Ω, and it is contradictory
with which 𝑥∗ is the maximal element in Ω. So 𝑢 ⪯ 𝑥∗ is
proved. Hence there are 𝑥∗ ∈ 𝐸, 𝑢 ∈ 𝑇𝑥∗ such that 𝑥∗ ∼ 𝑢;
that is, 𝑇 has a generalized fixed point.

Corollary 14. Let (𝐸, ⪯) be an incomplete preference pseudo
separable set, and let 𝑇 : 𝐸 󳨀→ 2𝐸\Φ be an order-increasing
set-valued mapping. If 𝑇 satisfies the following conditions:
(𝐴
1
) Every increasing sequence in 𝑆𝑇(𝑥) has an upper

bound in 𝑆𝑇(𝑥)
(𝐴
2
)�ere is 𝑥

0
∈ 𝐸 with 𝑥

0
⪯ 𝑢, for some 𝑢 ∈ 𝑇𝑥

0

(𝐴
3
) If 𝑥 ∼ 𝑦, 𝑥, 𝑦 ∈ 𝐸, then 𝑇𝑥 = 𝑇𝑦

then 𝑇 has a fixed point; that is, there are 𝑥∗ ∈ 𝐸, 𝑢 ∈ 𝑇𝑥∗
such that 𝑥∗ ∈ 𝑇𝑥∗.

3. Existence of Nash Equilibrium
Points in Generalized Games under
Incomplete Preferences

The incomplete preference we present in the paper is more
general order relation than the preference in the field of
economic management and coincident with the reality of
economic phenomenon. It can be applied to the existence

of generalized Nash equilibrium of noncooperative game
theory.

Definition 15. Let 𝑛 be a positive integer greater than 1.
An 𝑛−person noncooperative game consists of the following
elements:

(1)The set of 𝑛 players is denoted by 𝐼 = {𝑖 = 1, 2, 3, . . . , 𝑛};
(2) For any 𝑖 ∈ 𝐼, let 𝑆

𝑖
be the strategy set of player 𝑖

and (𝑆
𝑖
, ⪯
𝑖
) be an incomplete preference pseudo separable set;

denote 𝑆 = 𝑆1 × 𝑆2 × ⋅ ⋅ ⋅ × 𝑆𝑛;
(3) Let 𝑃

𝑖
: 𝑆 󳨀→ 𝑈, 𝑖 = 1, 2, 3, . . . , 𝑛 be the payoff function

for player 𝑖; denote 𝑃 = {𝑃
1
, 𝑃
2
, . . . , 𝑃

𝑛
}.

The game is denoted by Γ = (𝑁, 𝑆, 𝑃,𝑈).
Every player in the 𝑛−person noncooperative game inde-

pendently chooses his own strategy 𝑥
𝑖
∈ 𝑆
𝑖
, 𝑖 = 1, 2, 3, . . . , 𝑛,

to maximize his payoff function 𝑃
𝑖
(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) ∈ 𝑈. For

any 𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) ∈ 𝑆, denote

𝑥
−𝑖
= (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑖−1
, 𝑥
𝑖+1
, . . . , 𝑥

𝑛
) ∈ 𝑆,

𝑆
−𝑖
= 𝑆
1
× 𝑆
2
× ⋅ ⋅ ⋅ × 𝑆

𝑖−1
× 𝑆
𝑖+1
× ⋅ ⋅ ⋅ × 𝑆

𝑛
.

(6)

Then 𝑥
−𝑖
∈ 𝑆
−𝑖
, and 𝑥 can be written as 𝑥 = (𝑥

𝑖
, 𝑥
−𝑖
).

Definition 16. Let Γ = (𝑁, 𝑆, 𝑃,𝑈) be an 𝑛−person noncoop-
erative game.The strategy𝑥 = (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
) ∈ 𝑆 is said to be

a generalized Nash equilibrium in the noncooperative game
Γ = (𝑁, 𝑆, 𝑃, 𝑈) under the incomplete preference, if there is
strategy 𝑥 = (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
) ∈ 𝑆, for every 𝑖 = 1, 2, 3, . . . , 𝑛;

the following order inequality holds

𝑃
𝑖
(𝑥
𝑖
, 𝑥
−𝑖
) �⪰
𝑈𝑃
𝑖
(𝑥
𝑖
, 𝑥
−𝑖
) , ∀𝑥

𝑖
∈ 𝑆
𝑖
. (7)

Lemma 17. Let (𝑆
𝑖
, ⪯𝑠𝑖) be an incomplete preference pseudo

separable set. 𝑆 = 𝑆
1
× 𝑆
2
× ⋅ ⋅ ⋅ × 𝑆

𝑛
is a coordinate ordering

set composed of 𝑆
1
, 𝑆
2
, . . . , 𝑆

𝑛
, for any 𝑥 = (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
), 𝑦 =

(𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑛
) ∈ 𝑆, the order relation ⪯𝑠 in 𝑆 induced by the

partial order ⪯𝑆𝑖 , denoted as the following:

𝑥⪯𝑠𝑦 ⇐⇒ 𝑥
𝑖
⪯𝑆𝑖𝑦
𝑖
, ∀𝑖 = 1, 2, 3, . . . , 𝑛. (8)

�en (𝑆, ⪯𝑠) is an incomplete preference pseudo separable set.

Proof. First we show that (𝑆, ⪯𝑠) is an incomplete preference
set. Since (𝑆

𝑖
, ⪯𝑠𝑖) is incomplete preference set, for any 𝑥 =

(𝑥1, 𝑥2, . . . , 𝑥𝑛) ∈ 𝑆, we can get 𝑥𝑖 ⪯𝑠𝑖𝑥𝑖, ∀𝑖 = 1, 2, 3, . . . , 𝑛. So
𝑥⪯𝑠𝑥. Hence the order relation ⪯𝑠 satisfies reflexive axiom.

For any 𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
), 𝑦 = (𝑦

1
, 𝑦
2
, . . . , 𝑦

𝑛
), and

𝑧 = (𝑧
1
, 𝑧
2
, . . . , 𝑧

𝑛
) ∈ 𝑆, which satisfy 𝑥 ⪯𝑠𝑦, 𝑦⪯𝑠𝑧 ∈ 𝑆.

By Definition 15, we have 𝑥
𝑖
⪯𝑆𝑖𝑦
𝑖
, 𝑦
𝑖
⪯𝑆𝑖𝑧
𝑖
. Since (𝑆

𝑖
, ⪯𝑠𝑖) is

incomplete preference set, we have 𝑥
𝑖
⪯𝑠𝑖𝑧
𝑖
. So 𝑥⪯𝑠𝑧; that is,

𝑆 = 𝑆1 × 𝑆2 × ⋅ ⋅ ⋅ × 𝑆𝑛 is incomplete preference set.
Next we prove that the incomplete preference set (𝑆, ⪯𝑠)

is pseudo separable, for any 𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) ∈ 𝑆, since

(𝑆
𝑖
, ⪯𝑠𝑖) is pseudo separable,
Let𝑀

𝑖
be an arbitrary total ordered subset of set 𝑆

𝑖
; then

there is denumerable set {𝑥𝑛
𝑖
} ⊂ 𝑀

𝑖
such that if 𝑥

𝑖
∈ 𝑀
𝑖
, 𝑥
𝑖
̸=

sup𝑀
𝑖
, there is 𝑥𝑛

𝑖 𝑛0
∈ {𝑥𝑛
𝑖
} which satisfies 𝑥𝑛

𝑖
⪯ 𝑥𝑛
𝑖 𝑛0

.
Define the following

𝑀 = 𝑀
1
×𝑀
2
× ⋅ ⋅ ⋅ × 𝑀

𝑛
. (9)
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Let 𝑥𝑛 = {𝑥𝑛
1
, 𝑥𝑛
2
, . . . , 𝑥𝑛

𝑛
}, 𝑥𝑛
𝑛0
= {𝑥𝑛
1𝑛0
, 𝑥𝑛
2𝑛0
, . . . , 𝑥𝑛

𝑛𝑛0
}; then

by the definition of𝑀, we have 𝑥𝑛 ∈ 𝑀.This together with
𝑥𝑛
𝑛0
∈ {𝑥𝑛} implies that 𝑥𝑛 ⪯𝑠𝑥𝑛

𝑛0
. Hence the incomplete

preference set (𝑆, ⪯𝑠) is pseudo separable.

Theorem 18. Let Γ = (𝑁, 𝑆, 𝑃, 𝑈) be an 𝑛−person noncoop-
erative game. Suppose that, for any 𝑥 ∈ 𝑆, the payoff function
𝑃
𝑖
, 𝑖 = 1, 2, 3, . . . , 𝑛, satisfies the following conditions:
(𝐺
1
) Every total ordered subset in 𝑃

𝑖
(𝑆
𝑖
, 𝑥
−𝑖
) has an upper

bound in 𝑃
𝑖
(𝑆
𝑖
, 𝑥
−𝑖
);

(𝐺
2
) Every increasing sequence in the inverse image {𝑧

𝑖
∈

𝑆
𝑖
: 𝑃
𝑖
(𝑆
𝑖
, 𝑥
−𝑖
) 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑎𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑃

𝑖
(𝑆
𝑖
, 𝑥
−𝑖
)} has

an upper bound;
(𝐺
3
) For any 𝑥, 𝑦 ∈ 𝑆, 𝑥 ⪯𝑆𝑦, if there is 𝑧

𝑖
∈ 𝑆
𝑖
with

𝑃
𝑖
(𝑧
𝑖
, 𝑥
−𝑖
) to be a maximal element of 𝑃

𝑖
(𝑆
𝑖
, 𝑥
−𝑖
), then there is

𝜔
𝑖
∈ 𝑆
𝑖
with 𝑧

𝑖
⪯𝑠𝑖𝜔
𝑖
such that 𝑃

𝑖
(𝜔
𝑖
, 𝑦
−𝑖
) is a maximal element

of 𝑃
𝑖
(𝑆
𝑖
, 𝑦
−𝑖
);

(𝐺
4
) If there are 𝑝, 𝑞 ∈ 𝑆 such that 𝑝⪯𝑠𝑞 and 𝑃

𝑖
(𝑞
𝑖
, 𝑝
−𝑖
) is

a maximal element of 𝑃
𝑖
(𝑆
𝑖
, 𝑝
−𝑖
);

(𝐺
5
) If 𝑝∼𝑠𝑞, 𝑝, 𝑞 ∈ 𝑆 such that 𝑃

𝑖
(𝑝
𝑖
, 𝑥
−𝑖
) = 𝑃
𝑖
(𝑞
𝑖
, 𝑥
−𝑖
).

�en there is a generalized Nash equilibrium in the
𝑛−person noncooperative game Γ = (𝑁, 𝑆, 𝑃, 𝑈).

Proof. Since (𝑆𝑖, ⪯𝑠𝑖) is an incomplete preference pseudo sep-
arable set, for every 𝑖 = 1, 2, 3, ⋅ ⋅ ⋅ , 𝑛, then, from Lemma 17,
(𝑆, ⪯𝑠) is also an incomplete preference pseudo separable set
equipped with the product order ⪯𝑠.

For every fixed 𝑖 = 1, 2, 3, . . . , 𝑛, define a set-valued
mapping 𝑇

𝑖
: 𝑆 󳨀→ 2𝑆𝑖\Φ as the following:

𝑇
𝑖 (𝑥) = {𝑧𝑖 ∈ 𝑆𝑖 :

𝑃
𝑖
(𝑆
𝑖
, 𝑥
−𝑖
) is a maximal element of 𝑃

𝑖
(𝑆
𝑖
, 𝑥
−𝑖
)} ,

(10)

for all 𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) ∈ 𝑆.

From assumption 𝐺
1
of this theorem, for every fixed

element 𝑥 ∈ 𝑆, every total ordered subset in 𝑃
𝑖
(𝑆
𝑖
, 𝑥
−𝑖
) has

an upper bound in (𝑈, ⪯𝑈). Then applying Zorn Lemma, the
set 𝑃
𝑖
(𝑆
𝑖
, 𝑥
−𝑖
)} has a maximal element. Therefore, 𝑇

𝑖
(𝑥) is a

nonempty subset of 𝑆𝑖. Then we define

𝑇 (𝑥) = 𝑇1 (𝑥) × 𝑇2 (𝑥) × ⋅ ⋅ ⋅ × 𝑇𝑛 (𝑥) , 𝑥 ∈ 𝑆. (11)

For any arbitrary 𝑥 ∈ 𝑆, with respect to the set 𝑇(𝑥), we
write

𝑆𝑇 (𝑥) = {𝑥 ∈ 𝑆 : 𝑥 ⪯𝑠𝑧, 𝑧 ∈ 𝑇 (𝑥)} . (12)

For every 𝑖 = 1, 2, 3, . . . , 𝑛, we have

𝑆𝑇
𝑖 (𝑥) = {𝑥𝑖 ∈ 𝑆𝑖 : 𝑥𝑖 ⪯

𝑠𝑖𝑧
𝑖
, 𝑧
𝑖
∈ 𝑇
𝑖 (𝑥)} = {𝑥𝑖 ∈ 𝑆𝑖 : 𝑥𝑖

⪯𝑠𝑖 𝑧
𝑖
, 𝑧
𝑖
∈ 𝑆
𝑖
,

𝑃
𝑖
(𝑧
𝑖
, 𝑥
−𝑖
) is a maximal element of 𝑃

𝑖
(𝑆
𝑖
, 𝑥
−𝑖
)} .

(13)

Now we prove that the operator 𝑇 satisfies the conditions
in Theorem 18. Firstly, we will show that the operator 𝑇 is
order-increasing. For any given 𝑥⪯𝑆𝑦 in 𝑆, and for any 𝑧 =
(𝑧
1
, 𝑧
2
, . . . , 𝑧

𝑛
) ∈ 𝑇(𝑥), for every 𝑖 = 1, 2, . . . , 𝑛, we have

𝑧
𝑖
∈ 𝑇
𝑖
(𝑥); that is, 𝑃

𝑖
(𝑧
𝑖
, 𝑥
−𝑖
) is a maximal element of

𝑃
𝑖
(𝑆
𝑖
, 𝑥
−𝑖
). Then from hypothesis 𝐺

3
of this theorem, there is

𝜔
𝑖
∈ 𝑆
𝑖
with 𝑧

𝑖
⪯𝑠𝑖𝜔
𝑖
such that 𝑃

𝑖
(𝜔
𝑖
, 𝑦
−𝑖
) is a maximal element

of 𝑃
𝑖
(𝑆
𝑖
, 𝑦
−𝑖
); that is, 𝜔

𝑖
∈ 𝑇
𝑖
(𝑦). Let 𝜔 = (𝜔

1
, 𝜔
2
, . . . , 𝜔

𝑛
).

We obtain that 𝑧 ⪯𝑆𝜔 and 𝜔 ∈ 𝐷(𝑦). Hence the operator 𝑇
is order-increasing.

From assumption 𝐺
2
of this theorem, every increasing

sequence in 𝑇
𝑖
(𝑥) has an upper bound.Then we can similarly

show that every increasing sequence in 𝑆𝑇
𝑖
(𝑥) has an upper

bound. In fact, take an arbitrary total ordered subset 𝑀 ⊂
𝑆𝑇(𝑥). Since 𝑀 is also a total ordered subset of incomplete
preference pseudo separable set (𝐸, ⪰), there is denumerable
set {𝑥

𝑛
} ⊂ 𝑀 such that for any 𝑥 ∈ 𝑀,𝑥 ̸= sup𝑀, there are

𝑥
𝑛0
∈ {𝑥
𝑛
}, 𝑢(𝑥) ∈ 𝑇(𝑥), which satisfy 𝑥 ⪯𝑆𝑥

𝑛0
, 𝑥 ⪯𝑆𝑢(𝑥).

From the above discussion, we have that there is 𝑒(𝑥) ∈
𝑇(𝑥
𝑛0
) such that 𝑢(𝑥) ⪯𝑆𝑒(𝑥). Thus we obtain a mapping 𝑒 :

𝑆𝑇(𝑥) 󳨀→ 𝑇(𝑥) satisfying the following order inequality:
𝑥 ⪯ 𝑢(𝑥) ⪯𝑆𝑒(𝑥), 𝑢(𝑥) ∈ 𝑇(𝑥) with 𝑒(𝑥) ∈ 𝑇(𝑥). For any
an increasing sequence {𝑥

𝑛
} in 𝑆𝑇(𝑥), we have that there is

𝑧∗ ∈ Ω such that 𝑥
𝑛
⪯𝑆𝑧∗. By the definition of {𝑧

𝑛
}, we get

𝑥⪯𝑆𝑥
𝑛0
. (14)

So we have that {𝑥
𝑛
} is an increasing sequence; then {𝑒(𝑥

𝑛
)}

is an increasing sequence in 𝑇(𝑥). since every increasing
sequence in 𝑇(𝑥) has an upper bound in 𝑇(𝑥), we have that
there is 𝑧∗ ∈ 𝑇(𝑥) such that 𝑒(𝑥

𝑛
) ⪯𝑆𝑧∗. Since 𝑥

𝑛
⪯𝑆𝑒(𝑥

𝑛
), we

have 𝑥𝑛 ⪯𝑆𝑧∗. Hence every increasing sequence in 𝑆𝑇(𝑥) has
an upper bound in 𝑆𝑇(𝑥).

Then applying Theorem 13, it implies that the operator 𝑇
has a generalized point; that is, there are 𝑥∗ ∈ 𝐸, 𝑢 ∈ 𝑇𝑥∗ such
that 𝑥∗∼𝑆𝑢. Since the operator𝑇 is order-increasing, there are
𝑢 ∈ 𝑇(𝑥∗) and V ∈ 𝑇(𝑢) such that 𝑢⪯𝑆V.

From assumption𝐺
5
of this theorem, if 𝑥∗∼𝑆𝑢, we can get

𝑃
𝑖
(𝑥∗
𝑖
, 𝑥
−𝑖
) = 𝑃
𝑖
(𝑢
𝑖
, 𝑥
−𝑖
) . (15)

Since 𝑢 ∈ 𝑇(𝑥∗), we have that 𝑃
𝑖
(𝑢
𝑖
, 𝑥∗
−𝑖
) is a maximal

element of 𝑃
𝑖
(𝑆
𝑖
, 𝑥∗
−𝑖
). This together with 𝑃

𝑖
(𝑥∗
𝑖
, 𝑥
−𝑖
) =

𝑃
𝑖
(𝑢
𝑖
, 𝑥
−𝑖
) implies that 𝑃

𝑖
(𝑥∗
𝑖
, 𝑥∗
−𝑖
) is a maximal element of

𝑃
𝑖
(𝑆
𝑖
, 𝑥∗
−𝑖
). It implies that for any 𝑥∗ = (𝑥∗

1
, 𝑥∗
2
, . . . , 𝑥∗

𝑛
) ∈ 𝑆,

𝑖 = 1, 2, 3, . . . , 𝑛, the following inequality is established

𝑃
𝑖
(𝑥
𝑖
, 𝑥∗
−𝑖
) �⪰
𝑈𝑃
𝑖
(𝑥∗
𝑖
, 𝑥
−𝑖
) , ∀𝑥

𝑖
∈ 𝑆
𝑖
. (16)

This shows that 𝑥∗ = (𝑥∗
1
, 𝑥∗
2
, . . . , 𝑥∗

𝑛
) ∈ 𝑆 is a generalized

Nash equilibrium in the 𝑛−person noncooperative game Γ =
(𝑁, 𝑆, 𝑃, 𝑈).

4. Conclusion

Incomplete preference is more general order relation than
complete preference in the field of economic management,
because restriction on order relation is eased. So it is more
consistent with the reality of economic management phe-
nomenons. The generalized game model under the incom-
plete preference can play an important application in eco-
nomic management problems. Generalized game plays an
important role to prove existence of general equilibrium.
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But many economic problems ultimately come down to
nonlinear problems which are denoted by the utility function
without preference in an order infinite dimensional space.
The traditional general game model cannot deal with the
problems such as the utility function without preference,
incomplete preference, order infinite dimension space, or
nonlinear problem. Now since there are no ready-made
methods to deal with the problems, new research methods
must be sought. The generalized game model under the
incomplete preference, which is proposed in this paper, can
deal with the problems. But in this paper, the research is
limited to the existence of the equilibrium. The stability of
equilibrium and new game model which are more close to
the reality are our next step research direction.
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